Abstract-This paper presents a method to compute stiffness matrices for compliant grasps and fixtures. While the linear spring contact model has been widely used by robotics researchers, it is in general not accurate for practical applications. More realistic models, including the well-verified Hertz model, are incorporated by use of overlap functions. We derive a stiffness matrix formula that considers surface and material properties of the contacting bodies and applies to both planar and solid grasps. The effects of contact geometry are analyzed and illustrated with examples.
Introduction
This paper addresses the computation of stiffness matrices for compliant grasps and fixtures. Our method can incorporate quite general models of compliance, including the well known Hertz contact model, and takes the curvatures of the contacting bodies into account. The resulting stiffness matrices should be generally applicable to automated fixture and grasp planning. For the sake of convenience, the generic term grasping will also apply to fixturing in this paper.
Compliance can play a significant role in grasping and fixturing, and its analysis has received much attention. Among the first to study compliant grasps, Hanafusa and Asada [4] modeled each finger in a 3-fingered planar grasp as a linear spring and showed how to find stable equilibrium grasps. Nguyen [12] also used a linear spring model to compute the stiffness matrix of more general grasps. He shows that the stiffness matrix depends on local curvature as well as the sticking or sliding of the fingers. Using linear spring modeling, Howard and Kumar [7] consider stability of planar grasps, while Donoghue et al. [2] investigate stable workpiece fixturing. Both studies develop stiffness matrix formulas that include the dependence on local contact geometry. Cutkosky and Wright [l] note that stability is influenced by initial loading as well as local curvature.
While the linear spring compliance model has been widely used in the robotics community, it is not supported by experiments or by results from elasticity theory. No systematic procedures have been proposed to position the linear spring elements that model contact compliance. Further, the linear spring stiffness coefficients must be determined from experiments, as there are no theoretical models to compute these coefficients from first principles. For automated fixture planning algorithms that would accurately compute fixturing arrangements, fixture geometries, fixture reaction forces, and fixtured object deflections from CAD models, these shortcomings of the linear spring model are significant. Several researchers, such as Sinha and Abel [IS], and Howard and Kumar [6] suggest an approach resembling finite elements. The contact regions are discretized into a number of small elements and elasticity theory is invoked to find the relative displacement of the contacting objects. While this approach is accurate, the complicated procedure has a number of drawbacks. First, the function giving force in terms of displacement (compliance relationship) can only be obtained numerically. Thus, the stiffness matrix, which is the differential of the compliance relationship, can only be found through complicated numerical methods. The compliance and stiffness functions are needed to compute quality measures that are used to find optimal grasping and fixturing arrangements [ll] . Thus, these numerical approaches are not well suited to optimal fixture planning. Finally, the possibility of performing analysis on the stiffness matrix is lost with these numerical approaches.
A compliance model that is more accurate and more systematically deployable than the linear spring model is clearly needed. This model should afford a (nearly) closed form formula that is amenable to analysis and efficient computation. Rimon and Burdick [16] used overlap functions to develop lumped parameter models that can implement nonlinear compliance effects. In this paper, which extends their work, we show how to formulate the widely verified and theoretically justified Hertz contact model using overlap functions. The Hertz compliance function is then applied to the computation and analysis of the grasp stiffness matrix. Since the Hertz contact compliance function and stiffness matrix can be calculated from first principles, no experimental data are required for its use. Hence, our approach is attractive for automated planning algorithms. Further, our Hertzian stiffness matrix can be computed in a tractable symbolic form, which allows us to analyze the effects of contact geometry on stability, as well as the relative contribution of "first" and "second" order effects to overall grasp stiffness. Second order effects have recently been suggested as a means to reduce the number of fingers needed to fixture an object [14] . An example shows that these second order effects can be practically important.
Background
A grasp or fixturing arrangement consists of an object B contacted by m fingers AI,. . . ,A,. We assume that the contacts are frictionless, and that the boundaries of the bodies near the contact points are smooth. We also assume that the bodies are quasi-rigid, and that d i are stationary. In the quasi-rigid assumption, deformations due to compliance effects are assumed to be localized to the vicinity of the contact points, so that the overall motion of B relative to Ai can be described using rigid body kinematics. Since the fingers are stationary, we can focus on B's configuration space (c-space), denoted by C, which is the collection of all possible configurations of B.
The c-space is a 6-dimensional manifold whose coordinates can be given as follows. This section introduces the overlap representation of contact compliance and discuss its applicability. The Hertz contact theory is then reviewed.
The Overlap Representation
We wish to ignore the details of compliant surface deformations due to a relative displacement of contacting bodies, and model the resultant contact force as a function of the relative displacement. That is, we seek a lumped-parameter representation of the interaction between two quasi-rigid bodies. Rimon and Burdick [16] have shown that this can be achieved using overlap func- tions. Consider a single contact of B, by a finger A. We denote by B(q) the subset of R3 occupied by the undeformed shape of 13 at configuration q. Let the bound- an isolated point and we define 6 = 0. It can be shown that there exist unique points x E aB(q) and y E ad, as illustrated in Fig. 1 , such that 6 = 11% -yII. The normals to dB(q) and ad are collinear at these points:
n ( x ) = n ( y ) . Note that n ( x ) is inward-pointing and n ( y ) is outward-pointing with respect to the respective boundaries. In the absence of deformations, the points x and y coincide and the bodies are in point contact. Thus, the overlap 6 is precisely the relative approach of the bodies [3] as known in contact mechanics. The interactive forces are assumed to be collinear with the segment and have the magnitude F = f(6). Clearly, the points x and y depend on q, the configuration of B. Thus, the overlap 6 is a function of q: 6 = S(q). Moreover, as shown in [16] , this function is differentiable when S(q) > 0. Therefore, the finger force acting on B becomes a differentiable function of q, provided that f(6) is so.
In 3.2 we will show that the overlap representation can be used to formulate the Hertz contact model. However, it is important to note that this representation is valid under more general circumstances. For example, the surfaces do not have to be smooth at the contact point, and the size of the contact area (described in 3.2) does not have to be always small compared with the size of the bodies, although in the former case S(q) may fail to be differentiable. So long as the contacts are frictionless, and the relative approach of the elastic bodies is reasonably well-defined and remains small, the resultant contact force can be expressed as a function of the overlap. We acknowledge that when the Hertz model is not applicable, the determination of the functional relationship f(6) can be difficult and there may exist no closed form formulations. Then finite elements may be used, or empirical models may be sought based on experimental data.
The Hertz Contact Model
We briefly summarize the Hertz contact model [5] [9] , and formulate it using the overlap representation. In contact mechanics theory, a contact is said to be conforming if the surfaces of the bodies fit closely or even exactly in the absence of deformations. Bodies with dissimilar profiles are said to be non-conforming. When the two solids are brought into contact they touch initially at a single point (3D case) or a line (2D case for cylindrical bodies). Under the action of the load, they deform and touch over a finite area, termed contact area, surrounding the point or line of first contact. The interactive normal tractions in the contact area are called contact pressure. An elegant relationship between the load and the relative approach can be found under the above assumptions for 3D contacts. The eccentricity ratio of the contact area, defined as e = (1 -$) 5 , is determined by where K ( e ) and E(e) are complete elliptic integrals. Johnson [9] shows that if the eccentricity is not too large, this can be approximated by the simple relation
The contact force magnitude, the maximum pressure p,,, over the contact area and c = 6, which together with e determines a and b, are given as follows in terms of the overlap 6. (5), each elastic body acted upon by the contact pressure is approximated by an infinite half-space of elastic material. This treatment, which can be justified by the smallness of the contact area, allows us to ignore the detailed shape of the body outside the local contact region. The displacement of the contact point is determined with reference to a point located infinitely far from the contact point.
The line contact problem can be considered as the limiting case of a point contact problem in which a -+ CO. However, a tremendous complication occurs in this limiting process: relative to a point at infinity, the displacement of the contact point is no longer bounded and approaches infinity. Therefore, to obtain a finite displacement, the reference point must be located at a finite distance from the contact. Let us choose a reference point for B such that it is an interior point, at a distance eB from the contact point and on the line containing the contact normals. It can be shown [20] This equation determines the function F = f (6). While there is in general no natural choice of reference points, the force-displacement relationship depends on the logarithm of distances e A and e, . As noted by Johnson [8] ,
this assures that f (6) is reasonably insensitive to the choice of reference points. These formulations of the load-overlap functional relationship are all nonlinear. While the linear spring model is generally not appropriate, there are special circumstances where a linear relationship can be approximately used. For a circular cylinder of finite length 
Computation of the Stiffness Matrix
We first express the elastic potential as a function on the c-space. Let &(q) be the overlap between B(q) and A, and fi(bi) be 
\ -
Here ni = n(xi), where zi is the initi&l point of contact ( Fig. 1) (Fig. 1) . This point has coordinates ro = r(q0) with 
Effects of Contact Geometry
In this section we consider the effects of contact geometry on the stability of a grasp. Sufficient conditions will first be given for the second order effects to be negligible compared with the first order effects. Then we study possible stabilizing and destabilizing effects of local contact geometry, and their importance relative to the first order effects. 
>> 60.
We observe that tge conditions SO~~LXII << 1 and SollLBll << 1 are not restrictive at all. They require that the smallest radii of curvature at the contact point be much greater than SO, which is satisfied by all contacts that are physically meaningful. Therefore, we will hereafter assume that these two conditions are always satisfied.
We now consider stabilizing and destabilizing effects of local geometry by looking at I?. Provided f,'(Sio) > 0, the matrix GDG' is positive semidefinite. Thus, the first order effects are stabilizing. To investigate the curvature effects on grasp stability, we focus on the matrix 1 i associated with the ith contact and drop the index i for brevity.
Recall that the positive definiteness of a partitioned matrix implies the positive definiteness of its diagonal blocks. The presence of L r e l , which is positive definite, in 1 
Examples
We present two three-fingered planar grasps to illustrate the effects of contact geometry. Choose coincident world and object frames and let the origin coincide with the concurrency point of the contact normals. Using convex spherical fingers contacting planar or concave cylindrical object surfaces, we employ the 3D Hertz model to find the compliance function f(S) and use the planar formulas to compute the stiffness matrices. We preload the grasp to the capacity determined by rma, = yga where 0, is the allowable stress of the material and 0 < y < l. This gives a desired value of p,,, , and further determines the necessary preloading overlap
In each of the following two examples all three contacts are symmetrically arranged and have identical local geometry. Let ICo = E*e where E* = & (a11 bodies are assumed to be made of the same material). Then the scaled stiffness matrix (11) can be written as
wherewith FTel = rTel/!. We may interpret t as the dimensionless translational stiffness due to the first order effects. The Scalars (T and JR, which will be given in the individual examples, are a relative measure of contributions L2EF;LB + 0 and hence destabilizing. It follows that the second order effects the curvature effects. nificant stabilizing effects. As IILTel 11 decreases (as the contacting surfaces achieve a better match), the stabiExample 6.1. Consider a grasp of an equilateral triangular cylinder by three spherical fingers having uniform lizing second order effects become quite significant. In radius r (Fig. 2) . In this case rTd = r and e = 0 , hence particular, when the two surfaces fit sufficiently closely, P i ( e ) = the Hertz and 4.2, we the stabilizing second order effects can become compa-find curvature effects could be used to reduce the number of fixtures needed to immobilize, or fixture, an object. This analysis shows that by proper selection of the fixtures' curvature, fixtures with fewer contacts can still be sufficiently stiff.
The following corollary applies to a planar grasp. We replace FA with r A when it is correct to do so. Thus, while the grasp is not stable by considering only the first order effects, it is indeed second order stable.
As i: increases, so do JR and k, since = 3 f i F . That is, both the first and second order effects become more significant as i: increases. Since c a / E -1/1000, the curvature effects are relatively less significant. Even so, it is important to realize that they may be adequate for many practical applications. 
Conclusion
While the linear spring model has been widely used by robotics researchers, it is not accurate or systematically applicable for automated planning procedures. In this paper we developed a stiffness matrix formula that includes both contact curvature effects and quite general nonlinear compliance models, including the widely verified Hertz contact model. We believe that these results will enable efficient and more accurate algorithms for automated planning of compliant grasps or fixtures. Our results also allow us to assess the relative contribution of contact geometry to grasp stability and effectiveness.
